This paper concerns the global stabilization of an underactuated spring-coupled three-link horizontal manipulator (STHM), which is an underactuated mechanical system (UMS) with two actuators and three degrees of freedom (DOF). A new control method is developed that asymptotically stabilizes the STHM at the origin using the position measurements of the manipulator only. First, we introduce a homeomorphic coordinate transformation for the STHM system. This changes the stabilization of the STHM into that of the transformed system. Next, we analyze the characteristics of the transformed system. After that, we construct an equivalent-input-disturbance-(EID-) based control system to globally stabilize the transformed system at the origin. Finally, a numerical example demonstrates the validity of the presented method. Our method only uses the position measurements of the STHM to design stabilizing controller. It reduces the cost of the whole control system and avoids the influence on the system's control performance imposed by velocity noises. In addition, the analysis and control method of this paper is easy to extend to the global stabilization of other n-DOF (n P 3) UMSs.
Introduction
We call a mechanical system to be an underactuated mechanical system (UMS) if the numbers of actuators are less than system's degrees of freedom (DOF) to be controlled. There are many examples of UMSs in people's daily lives, e.g., a spacecraft, a helicopter, an underwater vehicle and an industrial manipulator. The reduction of actuator makes a UMS lighter, more flexible and more energy efficient than a fully actuated one. As a result, study on this kind of system is of great meaning. And many researchers have discussed the control problems presented by UMS in many fields [1] [2] [3] [4] .
In the past few years, 2-DOF underactuated pendulum-type systems have been intensively studied by researchers [5] [6] [7] . Among them, a two-link underactuated vertical manipulator (UVM) especially attracts a great deal of attention. A two-link UVM is a planar manipulator moving in a vertical plane that has two DOFs and has only one actuator. Acrobot [8] and Pendubot [9] are two well-known examples of this class. For a two-link UVM, a commonly discussed control objective is to stabilize it at the unstable upright equilibrium point from a stable downward equilibrium point. But the complicated nonlinearities and nonholonomic constraint [10] make this objective difficult to achieve by a single controller. An effective method of solving this problem is a switching strategy, which designs two controllers for the two motion subspaces of http://dx.doi.org/10.1016/j.apm.2014. 10 .010 0307-904X/Ó 2014 Elsevier Inc. All rights reserved. the two-link UVM respectively and achieves the stabilization of the UVM by switching the controller from one to another. Many stabilizing control approaches have been presented based on this strategy. That include a partial feedback linearization method [11, 12] , an energy-based method [13, 14] , and an intelligent method [15, 16] . And some of them have also been used to the stabilization of a multi-link UVM [17, 18] . Although the switching strategy is sometimes effective for the stabilization of a two-link UVM, it has the problem that the global stability of control system does not been ensured. In order to solve the problem, many strategies have been developed recently, e.g., an immersion and invariance (I&I) method [19] , an interconnection and damping assignment passivity-based control (IDA-PBC) method [20] , and an approach using the idea of equivalent input disturbance (EID) [21, 22] .
Underactuated horizontal manipulator (UHM) is another type of underactuated planar manipulator. Unlike a UVM, a UHM moves in a horizontal plane and does not affect by the gravity. This kind of manipulator has good application prospects in aerospace area, manufacturing processes, surgical operations, etc. Although the mechanical configuration between a UHM and a UVM is the same, the dynamic property of them is quite different. The absence of the gravity causes that any point in the motion space is the equilibrium point of a UHM, and that the UHM is not local linear controllable, even not small time local controllable (STLC) [23] around any equilibrium point. As a result, the method, which is effective to the stabilization of a UVM (e.g., the switching strategy), is invalidated to stabilize a UHM. All these make the control of stabilizing a UHM very difficult.
To effectively achieve the stabilization control objective of a UHM, some attempts have been made to change the mechanical configuration of the UHM. In [24] , a spring-coupled UHM was constructed by adding a spring around the passive joint. This spring-coupled UHM can be considered as a kind of underactuated horizontal flexible manipulator. In that model, the spring presents a source of potential energy for the UHM. And the number of system's equilibrium point is greatly reduced after adding the spring. These make the stabilizing control problem for the UHM easy to solve. Since the cost of a spring is much lower than an actuator, this is the most economical and effective way to stabilize a UHM now. In addition, since the elastic force of a spring does not vanish in a weightlessness environment, this kind of spring-coupled UHM has a good prospect of application in the field of outer space exploration.
In this paper, we concerns the global stabilization of an underactuated spring-coupled three-link horizontal manipulator (STHM) that is a 3-DOF underactuated system. Since the nonlinearity of an underactuated system become more complicated with the increase of DOF, the methods that can effectively solve the global stabilization of a 2-DOF UMS are difficult to directly apply to an n-DOF (n P 3) one (e.g., I & I method and IDA-PBC method). So, the control problem of globally stabilizing the underactuated STHM is difficult to solve compared with the case of globally stabilizing a 2-DOF UMS. Here, we explore how to use the idea of equivalent input disturbance (EID) to globally stabilize this multi-DOF UMS. First, we introduce a homeomorphic coordinate transformation for the STHM. This changes the stabilization of the STHM into that of the transformed system. Next, we analyze the characteristics of the transformed system. And then, we construct an equivalentinput-disturbance-(EID-) based control system that ensures the global stabilization of the transformed system at the origin. Our presented method only uses the position measurements of the STHM to design stabilizing controller. It reduces the cost of the whole control system and avoids the influence on the system's control performance imposed by velocity noises. It is economical and practical. In addition, the analysis and control method developed in this paper give a guide line for the solution of globally stabilizing other n-DOF (n P 3) UMSs.
Dynamic equations
In the model of a STHM (Fig. 1) , the parameters and variables are (i ¼ 1; 2; 3; j ¼ 2; 3) q i ðtÞ: rotational angle of the ith link; Since the STHM has three degrees of freedoms and has only two control input, it is an underactuated mechanical system. We assume that the spring is fully relaxed at q 1 ¼ 0. is the positive definite inertia matrix, and
Note that MðqÞ is not related to q 1 . We have
The dynamic equation (1) 
where
C 22 ðq; _ qÞ ¼ Àa 6 _ q 3 sin q 3 ;
is an open-loop equilibrium point of the system (3). In our study, the control objective is to stabilize the underactuated STHM at this point from any initial position.
Coordinate transformation and characteristic analysis

Coordinate transformation
Note that (3) is a complicated nonlinear system. It is difficult to design a stabilizing controller for the system itself. To make the analysis and design of the control system easy, a coordinate transformation is introduced for (3) T ðxÞ :
We get the transformation T ðxÞ based on the first equation of (1) and the partial feedback linearization method in [11] . From (4), it is easy to obtain the inverse transformation of T ðxÞ: T À1 ðnÞ :
where n ¼ ½n 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 T . Since M 11 ðqÞ > 0, both T ðxÞ and T À1 ðnÞ are continuous. This means that T ðxÞ is a homeomorphic coordinate transformation. Combining (1), (2) and (5) yields
where m 1 and m 2 are the new control inputs of the STHM system in the n-state. From the first entry of (3), we get
Substituting (7) into the second and third entries of (3) 
Note that the structure of system (6) is more simpler than that of the system (3). This makes the problem of designing a controller that stabilizes an underactuated STHM easy to solve.
Characteristic analysis
This subsection presents some characteristics of the transformed system (6).
Let uðnÞ ¼ ½u 1 ðnÞ; Àkn 1 ; n 5 ; n 6 ; 0; 0 T . Linearizing uðnÞ around n ¼ 0 yields W ¼ @uðnÞ @n Since we assume that only the position variable qðtÞ is available, (4) tells us that n i ði ¼ 1; 3; 4Þ are available. We choose them to be the output of (6) and rewritten the system to be and e ¼ oðnÞ , uðnÞ À Wn is the nonlinear high-order terms. The system (11) has some interesting properties that are summarized in the following lemma.
Lemma 1. For the system (11), the following properties are satisfied.
(a) y ! 0 is equivalent to n ! 0; (b) ðW; N; CÞ is controllable and observable; (c) ðW; N; CÞ has no zeros.
Proof. We first prove the statement (a). Letting y ! 0 yields n i ! 0ði ¼ 1; 3; 4Þ. From (6), we get that n 5 ! 0; n 6 ! 0 and u 1 ðnÞ ! 0. This gives n 2 ! 0. Thus, n ! 0. In addition, it is easy to obtain y ! 0 from n ! 0. So, the statement (a) holds. Thus, it is easy to know that Thus, W; N; C ð Þhas no zeros. h The above characteristic analysis paves the way for the design of controller of stabilizing the system (11).
EID-based stabilizing controller design
Since the transformation T ðxÞ is homeomorphic, x ¼ 0 is equivalent to n ¼ 0. Therefore, the global stabilization problem for the original system (3) is solved if there exists a controller m that globally stabilizes the new system (6) at the origin. This section focus on the design of such a controller.
First, we take e to be an artificial disturbance of the system (6). Form Lemma 1, we get that ðW; N; CÞ is controllable and observable, and has no zeros at the imaginary axis. The analysis results in [25] tell us that there exists an equivalent input disturbance (EID), e e , on the control input channel for e. And the EID-based plant can be described as
y ¼ Cn:
and construct a Luenberger state observer for (15) as
where K L 2 R 6Â3 is the observer gain that makes the observer (17) stable. The design of K L will be detailedly discussed in the Section 4.2 below.
Design of stabilizing controller
We design a feedback controller for (15) to bê
where the feedback gain K F places all eigenvalues of W þ NK F to lie in the left half plane. In other words, K F satisfies that det½kI 6 
. . . ; 6:
Since ðW; NÞ is controllable, the gain K F in (19) must exist. In addition, since the observer (17) is stable, the state feedback control law (18) asymptotically stabilizes the system (15) at the origin. As a result, it follows from (16) and the definition of EID that the control law m ¼m À e e ð20Þ makes the output y in (11) converge to the origin. Thus, the global stabilization of (11) at the origin is guaranteed by the statement (a) in Lemma 1.
From (20), we note that the construction of the stabilizing controller m needs to the value of the EID e e . However, the real value of e e is difficult to get. Here, we use the observer (17) to construct an estimation value for e e . Denoting Dn ¼ n Àn and combining it with (15) yield
We find a De that satisfies
Combining (21) and (22) yields
It follows from (17) and (23) that
Since N T N ¼ I 2 , solving (25) 
Comparing (15) with (23) yields thatê e is exactly a signal when the state of the EID-based plant (15) is chosen to be the state of the observer,n. Thus, we can takeê e to be the estimate of the EID e e . Since the observer (17) is stable, Dn ! 0 as t ! þ1. So, (22) and (24) give that the estimated EID,ê e , asymptotically converges to its actual value, e e . To guarantee the estimation accuracy, a low-pass filter
is used for selecting the frequency band for estimation, where T i > 0ði ¼ 1; 2Þ are the time constants of the filter. We denote the filtered EID estimate to beẽ e . Thus, the stabilizing controller of (11) is
The configuration of the EID-based control system for (11) is shown in Fig. 2 . To make block diagrams easier to understand, only the minus inputs of a summer are marked in Fig. 2 , and the plus symbols are omitted.
Design of observer gain
This subsection presents the design of the observer gain K L that guarantees the stability of both the observer (17) and the whole EID-based control system. Since ðC; WÞ is observable, ðW T ; C T Þ is controllable. So, the Riccati equation
has a positive-definite solution P ¼ P T > 0, where Q ¼ Q T P 0; R ¼ R T > 0 are given weighting matrices and q > 0 is a scalar.
We design K L to be
Combining (29) and (30) yields
So, the gain K L designed in (30) for any positive scalar q makes the matrix W À K L C stable [26] . This guarantees that the observer (17) is stable. And from (31), we also know that a larger q makes the observer dynamics quicker [26] .
On the other hand, since an EID is able to be quickly estimated from the high-gain observer, the nonlinearities can be quickly and completely compensated by the estimated EID. Thus, e e ¼ 0 approximately holds for the discussion of stability issue. Combining (17), (21) and (28) yields
It follows from (26) and (28) that
From (32) and (33), we get the transfer function fromẽ e toê e
In view of the fact thatẽ e is the filtered output of passingê e through the filter FðsÞ. From the small-gain theorem [26] , we get the condition that ensures the stability of the whole control system to be
where r max ½Á is the maximum singular-value function. Now, we explain that the condition (35) can be guaranteed by the observer gain K L designed in (30). Consider the dual system of the plant ðW; N; CÞ:
Note that the number of inputs of (36) is not smaller than the number of outputs and
is stable, the Theorems 1 and 3 in [27] give
It follows from (34) and (37) that GðsÞ becomes small with the increase of q. Thus, kGðjxÞFðjxÞk F < 1; 8x 2 ½0; þ1Þ ð38Þ must be satisfied for a large enough q and a given filter FðsÞ, where k Á k F is the Frobenius matrix norm. Since the spectral radius of a matrix is less than any norm of the matrix, the definition of r max ½Á and (38) make the condition (35) true.
Remark 1.
After obtaining the stabilizing controller, m, in (28) for the transformed new system (6), substituting it into (8) and (9) yields the stabilizing controller, s 2 and s 3 , for the underactuated STHM. Note that the velocity variable _ q is required to deduce s i ði ¼ 2; 3Þ. But we do not measure _ q in this study. To solve this problem, we need to construct a substitute for _ q. Since the observer (17) is stable and the convergence of its state is faster than that of the control system, we can take Fig. 2 . Configuration of the EID-based control system for (11) .
when calculating s 2 and s 3 , wherê n ¼n 1 ;n 2 ;n 3 ;n 4 ;n 5 ;n 6 h i T is the state of the observer (17).
Remark 2. We have explained how to design the observer gain K L in Section 4.2. It shows that the scalar q plays a key role in the design of K L . Based on the analysis statements in 4.2, we give the following design algorithm of choosing q:
Step (1) Choose a low-pass filter FðsÞ and select a positive scalar q.
Step (2) Calculate kGFk 1 by using MATLAB function of norm.
Step ( were used for simulations. We chose the desired eigenvalues in (19) and the designed parameters in (27) and (29) to be
Using the MATLAB functions of place; lqr and norm yields ; kGFk 1 ¼ 0:9563 < 1:
It is clear that the condition (35) is satisfied. For the initial condition
the simulations of q; _ q and s i ði ¼ 2; 3Þ are given in Fig. 3 , and the simulations ofẽ e ¼ ½ẽ e1 ;ẽ e2
T are given in Fig. 4 . The results
show that the control objective of stabilizing the underactuated STHM is quickly achieved under the operation of the controller (8), (9) and (28). The settling time is less than 15 s. This shows the effectiveness of our presented method. In order to show the feasibility of our strategy in a real environment, we carried out simulations considering parameter uncertainties, measurement noises, and torque input limits. 
Conclusions
This paper presents a new method of globally stabilizing an underactuated manipulator called spring-coupled three-link manipulator (STHM). The design procedure of the stabilizing control system has three steps: (1) A coordinate transformation converts the global stabilization of STHM into that of the transformed system; (2) The characteristics of the transformed system are analyzed; (3) An EID-based control system is constructed that makes the transformed system asymptotically stabilize at the origin. Our presented method just uses the position information of the STHM to design the stabilizing controller. This makes it more economical and practical than others. In our future study, we will further concern the stabilization control problem for the STHM with the mechanical limits and input constraints.
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